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This, is a catenary.

o~

It is not so obvious that this is not a parabola. But I will expalin here. Suppose that
there is a ball being thrown out(note that we are not considering resistance here). Since
there is no resistance, we know that its velocity on the horizontal direction is a constant.
Therefore, if we make its path, which is a parabola, a rope, then its mass is uniform on
the vertical direction. The problem is, in the case of catenary, the mass is uniform over
the rope itself, not over the vertical direction. Thus, a catenary is not a parabola.

But what is it? Here is a solution.

Solution.

dz

F/

As shown in the figure, take a small segment of the heavy rope corresponding to dz. its
mass is

dx

dm:)\dl:)\cos(e).

(1)

Meanwhile, we obtain the following equations.

m
Fcos® = F’ cos(0 —df) = tan%o , (2)
F'sin@ — F' sin(f —df) =dmyg, (3)

where
cos(f —df) = cosf cosdf + sinfsindf ~ cos b + df sin 0, (4)
sin(f —df) = sin @ cosdf — cos O sindf ~ sin @ — db cos 6. (5)

Substitute (4) into (2) and (5) into (3) to obtain
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Fcosf = F’'cosf +dOF'sinf = tamn%O (6)
Fsinf — F'sin 0 + dfF’ cos§ =dmg (7)
By (6) we have F' cos = F cos —dfF’ sin §. Multiply by ig;g on both sides to obtain
F’ sin@stinH—d@F’Sin2e. (8)
cos 6§
Substitute (8) into (7), we obtain
Fsind— Fsing+dor 0 | 40F cosg — dmyg,
cos 6
which is
dacoi& =dmg. 9)
Substitute (1) into (9) to obtain
F’ Xdzg
cosf  cosf’
which is
dOF’ = \dzg.
Hence, we obtain
dOF’ cos@ = Adzgcosb.
Since F ~ F’, we have
déF cosf = Adzgcosé. (10)
Substitute (6) into (10) to obtain
detamng% = Adxgcos¥,
which is
% = %tan&o cosf. (11)
Let k = % tan 0,, we have
% = kcos 0. (12)

It is obvious that
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dy
tanf = —. 13
an 1 (13)
By applying % to both sides of (13), we obtain that
1 do d3y
— 7 14
cos?fdxr  dx? (14)
Substitute (12) in, we have
k d2%y
=2, 15
cosf  dx? (15)
Since tanf = % = V@ — 1, we have
1
cosf) = ———. 16
Vtan? 0 + 1 (16)
Substitute (16) into (15), we have
— d%y
x
Substitute (13) in, we obtain
d?y dy)*
— =k — 1. 18
dz? (dm) + (18)
Take ¢ = g—z, we have
d
d—w = k/o? + 1. (19)
The solution to this equation is ¢ = sinh(kx).
Hence, we obtain
d
d—z — sinh(kz). (20)

The solution is y = 1 cosh(kz) + C.

Let the lowest point be (0,0), we obtain

1 1
y = —cosh(kzx) — —.

k k
Hence, the form of a catenary is
1 1
y=1 cosh(kx) — ©

where k = % tan 6.
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Here, you can see that a catenary is the image of cosh, which looks like a parabola, but
not quite the same.
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