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Horizontal projection is obviously easy, and thus very boring. But if we consider linear 

resistance, things are different.
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As shown in the figure, we discuss about the relationship between 𝑣𝑥 and 𝑣𝑦. You can 

study it by solving ODEs, but we are not going to do that here, because it is boring. 

However, I will show this solution here, in order to inpire you about what is going 

on here.

Solution.  Consider a projectile launched horizontally with initial velocity 𝑣0 and no 

initial vertical velocity. Let 𝑥 be horizontal and 𝑦 be vertical upward. Linear drag is 

taken as 𝐹𝑑 = −𝑘𝑣, and let 𝜆 = 𝑘
𝑚 . The component ODEs are

𝑑𝑣𝑥
𝑑
𝑡 = −𝜆𝑣𝑥, 𝑑

𝑣𝑦
𝑑
𝑡 = −𝑔 − 𝜆𝑣𝑦,

with initial conditions

𝑣𝑥(0) = 𝑣0, 𝑣𝑦(0) = 0.

For 𝑣𝑥,

𝑑𝑣𝑥
𝑣𝑥

= −𝜆𝑑𝑡,

so

𝑣𝑥(𝑡) = 𝑣0𝑒−𝜆𝑡.

For 𝑣𝑦,
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𝑑
𝑣𝑦
𝑑
𝑡 + 𝜆𝑣𝑦 = −𝑔.

Using the integrating factor 𝑒𝜆𝑡,

𝑑
𝑑
𝑡(𝑒𝜆𝑡𝑣𝑦) = −𝑔𝑒𝜆𝑡.

Integration gives

𝑒𝜆𝑡𝑣𝑦 = −𝑔
𝜆
𝑒𝜆𝑡 +𝐶,

hence

𝑣𝑦(𝑡) = −𝑔
𝜆
+ 𝐶𝑒−𝜆𝑡.

The initial condition 𝑣𝑦(0) = 0 gives 𝐶 = 𝑔
𝜆 , so

𝑣𝑦(𝑡) = −𝑔
𝜆
(1 − 𝑒−𝜆𝑡) = 𝑔

𝜆
(𝑒−𝜆𝑡 − 1).

Eliminate 𝑡 using

𝑒−𝜆𝑡 = 𝑣𝑥
𝑣0
.

Then

𝑣𝑦 = −𝑔
𝜆
(1 − 𝑣𝑥

𝑣0
).

Equivalently,

𝑣𝑦 =
𝑔
𝜆
(𝑣𝑥
𝑣0

− 1),

or

𝑣𝑦 +
𝑔
𝜆
= 𝑔

𝜆𝑣0
𝑣𝑥.

Thus the velocity components satisfy the linear relation

𝑣𝑦 =
𝑔
𝜆𝑣0

𝑣𝑥 −
𝑔
𝜆
.

The point (𝑣𝑥, 𝑣𝑦) lies on the straight line from (𝑣0, 0) to (0,− 𝑔
𝜆).

You can see that we got exponentials during the process, but no exponential appeared in 

the final expression. So maybe solving these equations isn’t necessary here. And indeed 

you do not need to solve them. Here is what I discovered.

Solution.  It follows that
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𝑎𝑥 = − 𝑘
𝑚
𝑣𝑥, (1)

𝑎𝑦 = − 𝑘
𝑚
𝑣𝑦 − 𝑔. (2)

Let the standard motion be

𝑎 = − 𝑘
𝑚
𝑣, (3)

whose initial values are 𝑎0 = 0, 𝑣0 = 1. Then in kinematics sense 𝑎 and 𝑣 are uniquely 

determined. From (1) we have

𝑣𝑥 = 𝑣0 ⋅ 𝑣. (4)

From (2) we have

𝑣𝑦 + 𝑣𝑡 = 𝑣𝑡 ⋅ 𝑣, (5)

where 𝑣𝑡 =
𝑚𝑔
𝑘 .

Hence, we obtain

𝑣𝑥
𝑣0

=
𝑣𝑦
𝑣𝑡

+ 1. (6)

Thus,

𝑚𝑔
𝑘𝑣0

𝑣𝑥 = 𝑣𝑦 +
𝑚𝑔
𝑘
. (7)

This is very simple and elegant. However, there is another approach. It is not so simple, 

but it is more fundamental.

Solution. 

Let the velocity space be (𝑣𝑥, 𝑣𝑦), then the velocity vector starts at (𝑣0, 0). The terminal 

velocity is 𝑉 = (0,−𝑚𝑔
𝑘 ). Then the residual velocity is

𝑢 = 𝑣 − 𝑉 = (𝑣𝑥, 𝑣𝑦 +
𝑚𝑔
𝑘
)

. Hence,

𝑎𝑢 = − 𝑘
𝑚
𝑢

. Since 𝑎𝑢 is always on the oppsite direction of 𝑢, we know that the endpoint of 𝑢 is a 

line over time in the velocity space. The initial value of this line is 𝑢0 = (𝑣0,
𝑚𝑔
𝑘 ), the 

end is 𝑢 = (0, 0). Thus,

zzj (3/4)



Velocity in Horizontal Projection 

with Resistance 2026-09-25

𝑢(𝑡) = (𝑡, 𝑚𝑔
𝑘𝑣0

𝑡).

Hence, 𝑢𝑦 =
𝑚𝑔
𝑘𝑣0

𝑢𝑥. Since 𝑢 = (𝑣𝑥, 𝑣𝑦 +
𝑚𝑔
𝑘 ), we have

𝑚𝑔
𝑘𝑣0

𝑣𝑥 = 𝑣𝑦 +
𝑚𝑔
𝑘
.

The reader can verify that the methods we use here can be extended to many other 

problems.
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